ABSTRACT. The aim of this paper is to classify the cohomogeneity one conformal actions on the 3-dimensional Einstein universe Ein 1,2 , up to orbit equivalence. In a recent paper [21], we studied the unique (up to conjugacy) irreducible action of PSL(2, R) on Ein 1,2 and we showed that the action is of cohomogeneity one. In the present paper, we determine all the subgroups of Conf(Ein 1,2 ), up to conjugacy, acting reducibly and with cohomogeneity one on Ein 1,2 . We show that any cohomogeneity one reducible action on Ein 1,2 induces a fixed point in the 4-dimensional projective space RP 4 . Also, we describe all the codimension one induced orbits by these actions.
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INTRODUCTION
Felix Klein is known for his work on the connections between geometry and group theory. By his 1872 Erlangen Program, geometries are classified by their underlying symmetry groups. According to his approach, a geometry is a G-space M , where G is a group of transformations of M . This makes a link between geometry and algebra. The most natural case occurs when the group G acts on M transitively. In this case M is called a homogeneous G-space. For instance Euclidean, affine and projective geometries are homogeneous spaces.
One special case of non-transitive actions of transformation groups on manifolds is when the action has an orbit of codimension one, the so called cohomogeneity one action. The concept of a cohomogeneity one action on a manifold M was introduced by P.S. Mostert in his 1956 paper [30] . The key hypothesis was the compactness of the acting Lie group in the paper. He assumed that the acting Lie group G is compact and determined the orbit space up to homeomorphism. More precisely, he proved that by the cohomogeneity one action of a compact Lie group G on a manifold M the orbit space M/G is homeomorphic to R, S 1 , [0, 1], or [0, 1). In the general case, in [7] B. Bergery showed that if a Lie group acts on a manifold properly and with cohomogeneity one, then the orbit space M/G is homeomorphic to one of the above spaces.
A result by D. Alekseevsky in [2] says that, for an arbitrary Lie group G, there is a complete G-invariant Riemannian metric on M if and only if the action of G on M is proper. This theorem provides a link between proper actions and Riemannian G-manifolds.
Cohomogeneity one Riemannian manifolds have been studied by many mathematicians (see, e.g., [1, 7, 16, 17, 18, 28, 30, 31, 34, 35, 37, 38, 39] ). The subject is still an active one. The common hypothesis in the theory is that the acting group is closed in the full isometry group of the Riemannian manifold and the action is isometrically. When the metric is indefinite, this assumption in general does not imply that the action is proper, so the study becomes much more complicated. Also, some of the results and techniques of definite metrics fail for indefinite metrics.
The natural way to study a cohomogeneity one semi-Riemannian manifold M is to determine the acting group in the full isometry group Iso(M ), up to conjugacy, since the actions of two conjugate subgroups in Iso(M ) admit almost the same orbits in M . This has been done for space forms in some special cases (see [3] , [4] and [5] ). This way is the one that we pursue in this paper.
Let R 2,n+1 be the (n + 3)-dimensional real vector space endowed with a quadratic form q of signature (2, n + 1). The nullcone N 2,n+1 of R 2,n+1 is the set of non-zero vectors v ∈ R 2,n+1 with q(v) = 0. The nullcone N 2,n+1 is a degenerate hypersurface of R 2,n+1 . The (n + 1)-dimensional Einstein universe Ein 1,n is the projectivization of the nullcone N 2,n+1 via P : R 2,n+1 \{0} → RP n+2 .
It is a compact submanifold of RP n+2 , and the degenerate metric on N 2,n+1 induces a Lorentzian conformal structure on Ein 1,n . The group O(2, n + 1), group of the linear isometries of R 2,n+1 , acts on Einstein universe conformally. Indeed, the full conformal group Conf(Ein 1,n ) is P O(2, n + 1).
There is a Lorentzian version of Liouville's Theorem.. Therefore, every locally conformally flat Lorentzian manifold of dimension n + 1 ≥ 3 admits a (Conf(Ein 1,n ), Ein 1,n )-structure. In particular, the Lorentzian model spaces of constant sectional curvatures c, namely, the Minkowski space E 1,n for c = 0, the Anti de-Sitter space AdS 1,n for c = −1, and the de-Sitter space dS 1,n for c = 1, all are conformally equivalent to some specific open dense subsets of Ein 1,n .
In this paper, we propose to study conformal actions of cohomogeneity one on the three-dimensional Einstein universe Ein 1,2 . Our strategy is to determine the representation of the acting group in the Lie group Conf(Ein 1,2 ), up to conjugacy. Also, we describe the causal character of the codimension one orbits induced by cohomogeneity one actions on Ein 1,2 . For more details on the topology and causal character of all the orbits, we refer to [22] . The proper actions are significant and they deserve to be studied first. Let G be a connected Lie subgroup of Conf(Ein 1,2 ). In Section 2, we show that up to conjugacy there are exactly two Lie groups acting properly and with cohomogeneity one on Ein 1,2 , namely, SO(3) and SO(2) × SO(2).
The action of SO(3) on Einstein universe Ein 1,2 admits a codimension one foliation on which each leaf is a spacelike hypersphere. On the other hand, SO(2) × SO(2) admits a unique 1-dimensional orbit, and on the complement admits a codimension one foliation on which every leaf is conformally equivalent to the 2-dimensional Einstein universe Ein 1,1 .
Rolling out the proper case already discussed above, in the non-proper case, we deal with subgroups of some known geometric groups such as: (R * × O(1, 2)) ⋉ R 1,2 group of conformal transformations on the 3-dimensional Minkowski space E 1,2 , O(2, 2) group of isometries of 3-dimensional Anti de-Sitter space AdS 1,2 , and O(1, 3) group of isometries of the 3-dimensional de-Sitter space dS 1,2 .
In particular, we consider various representations of Möbius group PSL(2, R) and its subgroups in O (2, 3) . In most of the cases, we determine the Lie subgroups acting with cohomogeneity one on Ein 1,2 considering their corresponding subalgebras in the Lie algebra so(2, 3) = Lie(O(2, 3)).
In order to study the non-proper cohomogeneity one actions we have the following definition. i: for arbitrary n ≥ 1: SO • (2, n).
ii: for n = 2p even: U (1, p), SU (1, p) or S 1 .SO • (1, p) if p > 1, iii: for n = 3: SO • (1, 2) ⊂ SO • (2, 3).
The following result on irreducible cohomogeneity one actions on Ein 1,2 is proved in [21] .
Theorem 0.4. Let G ⊂ Conf(Ein 1,2 ) be a connected Lie subgroup which acts on Ein 1,2 irreducibly and with cohomogeneity one. Then G is conjugate to SO • (1, 2) ≃ PSL(2, R).
According to Theorem 0.3, one way to classify the cohomogeneity one reducible actions is to consider the stabilizer of various (in dimension and signature) linear subspaces of R 2,3 by the action of SO • (2, 3) . The following theorem shows that considering the actions preserving a 1-dimensional linear subspace of R 2,3 is enough (even the proper actions are included in the following). Proof. It follows from Proposition 1.38, Proposition 2.3, and Theorem 5.1.
By Theorem 0.5, every reducible cohomogeneity one action of G on Ein 1,2 preserves a line ℓ ≤ R 2,3 . The line ℓ can be lightlike, spacelike or timelike. The case when G preserves a lightlike line ℓ is the richest one, i.e., actions fixing a point in Einstein universe, which are fully studied in Section 3. By the action of O(2, 3), the stabilizer of a point in Einstein universe is isomorphic to the group of conformal transformations of the Minkowski space. More precisely, if G fixes a point p ∈ Ein 1,2 , then it preserves the lightcone L(p) and its corresponding
Minkowski patch. Hence, the action of G on the Minkowski patch is equivalent to the action of a Lie subgroup of Conf(E 1,2 ) = (R * × O(1, 2)) ⋉ R 1,2 on Minkowski space E 1,2 . We apply the adjoint action of Conf(E 1,2 ) on its Lie algebra (R ⊕ so(1, 2)) ⊕ θ R 1,2 , and then, we determine all the Lie subalgebras g of (R ⊕ so(1, 2)) ⊕ θ R 1,2 with dim g ≥ 2, up to conjugacy. This leads to the classification of the connected Lie subgroups of Conf(E 1,2 ) with dimension greater than or equal to 2, up to conjugacy (Theorem 3.6). Actually, there are infinitely many subgroups of Conf(E 1,2 ) with dim ≥ 2, up to conjugacy. All those subgroups act on Einstein universe Ein 1,2 with cohomogeneity one R 1,2 and R * + ⋉ R 1,2 (Theorem 3.1). In Section 4, we study the actions preserving a non-degenerate line ℓ ≤ R 2,3 . Indeed, in this chapter we only consider the cohomogeneity one actions on Ein 1,2 with no fixed point in Ein 1,2 .
• If G preserves a spacelike line ℓ, then it preserves an Einstein hypersphere Ein 1,1 ⊂ Ein 1,2 , and its complement Ein 1,2 \ Ein 1,1 which is conformally equivalent to the anti de-Sitter space AdS 1,2 . In this case, the action of G on Ein 1,2 is conformally equivalent to the natural action of a Lie subgroup of the group of isometries of AdS 1,2 , namely, O(2, 2). We show that, up to orbit equivalency there are exactly seven connected Lie subgroups which preserve an Einstein hypersphere Ein 1,1 in Ein 1,2 , act on Ein 1,2 non-properly, with cohomogeneity one, and with no fixed point in Ein 1,2 .
• If G preserves a timelike line, then it preserves a spacelike hypersphere S 2 ⊂ Ein 1,2 , and its complement Ein 1,2 \ S 2 which is conformally equivalent to the de-Sitter space dS 1,2 .
The action of G is conformally equivalent to the action of a Lie subgroup of the group of isometries of dS 1,2 , namely, O(1, 3). It is shown that, up to conjugacy, there is only one connected Lie subgroup which preserves a spacelike hypersphere in Ein 1,2 , acts non-properly and with cohomogeneity one, and fixes no point in Ein 1,2 .
Actions preserving a photon in Ein 1,2 are very interesting. In Section 5, we prove a theorem which states that a cohomogeneity one action on Ein 1,2 preserving a photon, fixes a point in RP 4 . This theorem will play a key role in proof of Theorem 0.5 .
PRELIMINARY
We fix the following notation and definitions for the rest of this work. Let R m+n be the (m + n)-dimensional real vector space. Assume that q m,n is a quadratic form on R m+n of signature (m, n), i.e., in a suitable basis for R m+n we have:
We denote by R m,n the vector space R m+n equipped with q m,n . Also, we denote by O(m, n) the Lie group of linear isometries of R m,n , and by SO • (m, n) its identity component. • spacelike, if q = 0 and p = r = 0.
• timelike, if p = 1 and q = r = 0.
• lightlike, if r = 1 and p = q = 0.
• Lorentzian, if p = 1, q = 0, and r = 0.
• degenerate, if p + q, r = 0.
A non-zero vector v ∈ R m,n is called spacelike (resp. timelike, lightlike) if the value q m,n (v) is positive (resp. negative, zero). Definition 1.2. Let M be a smooth manifold equipped with a semi-Riemannian metric g (resp. conformal structure [g]) and S ⊂ M an immersed submanifold. Then, S is said to be of signature (p, q, r) if for all x ∈ S the restriction of the ambient metric g x (resp. the conformal structure [g] x ) on the tangent space T x S is of signature (p, q, r).
The (n + 1)-dimensional Minkowski space E 1,n is an affine space whose underlying vector space is the Lorentzian scalar product space R 1,n . It is characterized up to isometry as a simply connected, geodesically complete, flat Lorentzian manifold. The isometry group of the Minkowski space E 1,n is isomorphic to the semi-direct product O(1, n) ⋉ R 1,n where the Lorentz group O(1, n) acts naturally on R 1,n by (A, v) → A(v).
Geodesics in the Minkowski space E 1,n are affine lines, i.e., they have the form
where p ∈ E 1,n is a point and v ∈ R 1,n is a vector. A homothety on E 1,n (centered at x 0 ∈ E 1,n ) is any map conjugate by a translation to a scalar multiplication:
A conformal map on the Minkowski space E 1,n is a composition of an isometry of E 1,n with a homothety:
where A ∈ O(1, n), r = 0, and v ∈ R 1,n . We denote the group of conformal transformations of E 1,n by Conf(E 1,n ). It is evidently isomorphic to the semi-direct product (R * × O(1, n)) ⋉ R 1,n .
Definition 1.3. The de-Sitter hypersphere in the Minkowski
1.1. Projective special linear group. The projective special linear group PSL(2, R) is the quotient of SL(2, R) by Z 2 = {±Id}. The group PSL(2, R) acts on the Poincaré half-plane model of hyperbolic plane with conformal boundary in infinity H 2 = H 2 ∪ ∂H 2 by möbius transformation
This action preserves the hyperbolic plane H 2 and its boundary ∂H 2 ≃ RP 1 . Indeed, PSL(2, R) is the group of orientation-preserving isometries of hyperbolic plane, and acts on it transitively. Furthermore it acts on the conformal boundary of hyperbolic plane conformaly and transitively. We refer to [36] for more details.
• an elliptic element, if it fixes a point in the hyperbolic plane H 2 .
• a parabolic element, if it fixes a unique point on the boundary ∂H 2 .
• a hyperbolic element, if it fixes exactly two distinct points on the boundary ∂H 2 .
Every non-trivial element in PSL(2, R) is either elliptic, parabolic, or hyperbolic. Actually, all the non-trivial elements in a 1-parameter subgroup G ⊂ PSL(2, R) are elliptic (resp. parabolic, hyperbolic) if G contains an elliptic (resp. parabolic, hyperbolic) element. So, we can use the terminology elliptic, parabolic and hyperbolic for the 1-parameter subgroups of PSL(2, R). It is well-known that PSL(2, R) has three distinct 1-parameter subgroup, up to conjugacy. Also, it has a unique (up to conjugacy) 2-dimensional connected Lie subgroup, which is solvable and non-abelian. The Lie algebra of PSL(2, R) is isomorphic to the simple Lie algebra sl(2, R), the Lie algebra of 2 × 2 traceless matrices. The determinant function det : sl(2, R) → R is a quadratic form of signature (2, 1). Thus, (sl(2, R), − det) is a model for the 3-dimensional Minkowski space. The group SL(2, R) acts on (sl(2, R), − det) linearly and isometrically by
The kernel of this action is {±Id}. This implies that PSL(2, R) is isomorphic to
where A is an arbitrary representative of [A] ∈ PSL(2, R) = SL(2, R)/{±Id}. The set of following matrices is a basis for sl(2, R) as a vector space,
is the generator of the Lie algebra of Y E (resp. Y P , Y H ). Also, {Y P , Y H } is a basis for the affine algebra aff, the Lie algebra of the affine group Aff = Y H ⋉ Y P . The following two lemmas are needed in the sequel, which may be obtained easily (see [22] Here, we remind some facts about the elements, connected subgroups, and the Lie algebra of SO • (1, 2) . It is easy to see that 1 is the common eigenvalue of all the elements in SO • (1, 2).
• elliptic, if it has two distinct non real eigenvalues.
• parabolic, if 1 is its only eigenvalue.
• hyperbolic, if it has two distinct real eigenvalues.
It can be easily seen that the eigenspace of an elliptic element in SO • (1, 2) is a timelike line. Also, the eigenspace of a parabolic element is a lightlike line. Furthermore, the eigenspaces of a hyperbolic element are two distinct lightlike lines and a spacelike line. A 1-parameter subgroup of SO • (1, 2) is called elliptic (res. parabolic, hyperbolic), if it contains an elliptic (resp. parabolic, hyperbolic) element.
Let {e 1 , e 2 , e 3 } be an orthonormal basis for R 1,2 on which e 1 is a timelike vector. The set of the following matrices is a basis for the Lie algebra so(1, 2) = Lie(SO • (1, 2)) as a vector space
The affine subalgebra aff is generated by {Y P , Y H }. We denote by Y E , Y P , and Y H the 1-parameter subgroups of SO • (1, 2) generated by the vector Y E , Y P , Y H ⊂ so(1, 2), respectively. The group SO • (1, 2) has a unique 2-dimensional connected Lie subgroup up to conjugacy. It is the Lie group associate to the Lie subalgebra aff ≤ so(1, 2) and we denote it by Aff.
Einstein universe.
In this section we give the definition and some properties of Einstein universe Ein 1,n . For more details, we refer to [13] , and [6] .
Consider the scalar product space R 2,n+1 = (R n+3 , q 2,n+1 ). The nullcone of R 2,n+1 is the set of all non-zero null vectors in R 2,n+1 , and we denote it by N 2,n+1 .
The nullcone is a degenerate hypersurface in R 2,n+1 invariant by O(2, n + 1).
Definition 1.10. The (n + 1)-dimensional Einstein universe Ein 1,n is the image of N 2,n+1 under the projectivization:
In the sequel, for notational convenience, we will denote P as a map from R 2,n+1 implicitly assuming that the origin 0 is removed from any subset of R 2,n+1 on which we apply P.
The degenerate metric on the nullcone N 2,n+1 induces an O(2, n+1)-invariant conformal Lorentzian structure on Ein 1,n . Indeed, the group of conformal transformations of Einstein universe Ein 1,n is P O(2, n + 1) (see [13] is conformally equivalent to (S 1 × S n , −dt 2 + ds 2 ), where dt 2 and ds 2 are the usual round metrics on the spheres S 1 and S n of radius one (see [6] 
A lightcone L([p]) can be equivalently defined as the projectivization of the orthogonal complement 
Similarly, for an affine degenerate hyperplane 
Let φ be a photon in Einstein universe Ein 1,n . The complement of φ in Ein 1,n is an open dense subset and we denote it by Ein 1,n φ . It is diffeomorphic to S 1 × R n . There is a natural codimension 1 foliation F φ on Ein φ ) is the stabilizer of φ by the action of P O(2, n) (see [13] Here is a useful model. Let (M (2, R), − det) denote the vector space consisting the 2 × 2 real matrices endowed with the (2, 2)-bilinear form associated to the negative determinant. In this model, the nullcone N 2,2 is the set of nonzero singular matrices and the 2-dimensional Einstein universe Ein 1,1 is the quotient of the nullcone by the action of nonzero scalar multiplication. Observe that the
Obviously, this action is linear and preserves the quadratic form − det. In particular, its kernel is
Every nonzero singular element X ∈ M (2, R) determines two lines in R 2 : its kernel and its image. Let (A, B) ∈ PSL(2, R) × PSL(2, R) be an arbitrary element. Then A preserves ker X and B preserves Im X. Therefore, there is a canonical PSL(2, R) × PSL(2, R)-invariant identification of Ein 1,1 with RP 1 × RP 1 by
By this identification, the left factor of PSL(2, R) × PSL(2, R) acts trivially on the left factor RP 1 , and the right factor acts trivially on the right factor RP 1 .
The following corollary will be useful in sequel. 
The following lemma gives a powerful tool to distinguish the orbitally-equivalent actions (see [22] 
The group G is a subgroup of
Observe that SO • (2, 1) × S(2) preserves a timelike circle and acts on its complement AdS
In the one hand, if
The affine group Aff preserves a unique lightlike line ℓ in V ⊥ . Since the action of SO(2)-factor is trivial on V ⊥ , ℓ is invariant by Aff × SO(2). Proof. Suppose that G preserves a proper linear subspace V ≤ R 2,3 . Denote by sgn(V ) the signature of the restriction of the metric from R 2,3 on V . We consider all the possible signatures for V . If dim V = 1, then obviously, G fixes a point in the projective space RP 4 , namely P(V ). Assume that V is 2-dimensional. Now, suppose that dim V > 2. Since G preserves V ⊥ and dim V ⊥ ≤ 2, the proposition follows easily.
PROPER ACTIONS
In this section, we describe the cohomogeneity one proper actions on the 3-dimensional Einstein universe Ein 1,2 .
The following theorem is the main result of this section. 
Proof. Let P 1 and P 2 denote the projection morphisms from SO(2) × SO(3) to SO(2) and SO (3), respectively. The group G is a subgroup of
up to conjugacy and
Hence, the differential map dP 2 at the identity element of G is a Lie algebra isomorphism from g = Lie(G) to Lie(SO(3)) = so(3). So, f = dP 1 •(dP 2 ) −1 : so(3) → dP 1 (g) is a surjective Lie algebra morphism.
If P 1 (G) = SO(2), then ker f is a 2-dimensional ideal of so(3). This contradicts the simplicity of so(3).
Proof of Theorem 2.1. By the cohomogeneity one assumption dim G 2, so by Lemma 2.2, G is conjugate to either SO(3) or SO(2) × SO(2). There exist a unique SO(2) × SO(3)-invariant decomposition for R 2,3 = V ⊕ V ⊥ where V is of signature (2, 0) (and hence V ⊥ is of signature (0, 3)).
Observe that, by the action of SO(3) = I × SO(3) on the double cover space Ein
. It is clear that, the action of
The action of SO(2) on S 2 admits two antipodal fixed points {x 0 , −x 0 } ∈ S 2 and acts on S 2 \ {x 0 , −x 0 } freely. Hence, SO(2) × SO(2) preserves a timelike circle
and acts on it transitively. It is clear that, for arbitrary y ∈ S 1 and x ∈ S 2 \ {x 0 , −x 0 }, the orbit induced by SO(2) × SO(2) at (y, x) ∈ S 1 × S 2 is conformally equivalent to Ein
. Hence, the orbit
preserves the spacelike line Rx 0 , it preserves the orthogonal complement subspace Proof. It follows immediately from the proof of Theorem 2.1.
ACTIONS ON MINKOWSKI PATCH AND LIGHTCONE
In this section, we study the actions which admit a fixed point in Einstein universe Ein 1,2 . Observe that, for an arbitrary point p ∈ Ein 1,2 , the stabilizer
since it preserves the linear subspace p ⊥ ≤ R 2,3 . Also, it preserves the Minkowski patch M ink(p). Hence, a cohomogeneity one action of a subgroup of
Recall from Section 1.2 that, by the action of Conf
, the identity component of the stabilizer of a point p ∈ Ein 1,2 is isomorphic to the semidirect product
By the action of Conf(E 1,2 ) on Minkowski space E 1,2 , the identity component of the stabilizer of a point is conjugate to There are three natural group morphisms
, the identity component of the kernel ker P l | G is called the translation part of G and is denoted by T (G). Also, the images of G under P l , P li and P h are called the linear projection, the linear isometry projection and the homothety projection of G, respectively.
with cohomogeneity one if and only if dim G ≥ 2 and it satisfies one of the following conditions.
-The linear isometry projection P li (G) is non-trivial.
-The linear isometry projection P li (G) is trivial and the translation part T (G) has dimension less that or equal to 2.
3.1. Actions on lightcone. According to Proposition 1.18, for an arbitrary point q ∈ L(p) = L(p) \ {p}, there exists a unique affine degenerate plane Π in E 1,2 ≈ M ink(p) such that q is the limit point of Π. This induces a one-to-one correspondence between the set of photons in L(p) and the set of degenerate linear 2-planes in R 1,2 : Choosing a photon φ ⊂ L(p) there exists a unique degenerate plane Π ≤ R 1,2 such that the corresponding affine degenerate planes with limit points in φ are parallel to Π. On the other hand, choosing a degenerate plane Π in R 1,2 there exists a unique photon φ on which the limit points of the leaves of the foliation induced by Π in E 1,2 lie in φ. From now on, for a photon φ in the lightcone L(p), we denote the corresponding degenerate plane in
) maps each affine degenerate plane through o to an affine degenerate plane through o. Hence, this group preserves the ideal circle S ∞ ≃ RP 1 which is the union of the intersections of the lightcones L(p) and L(o).
A homothety λ ∈ R * + (centered at o) on the Minkowski space E 1,2 preserves every degenerate affine plane through o. It follows that, the homothety factor R * + acts on the ideal circle S ∞ trivially. Let φ ⊂ L(p) be a photon and Π φ,q ⊂ E 1,2 be the corresponding affine degenerate plane with limit point q = S ∞ ∩ φ. For an arbitrary point u ∈φ \ {q} with corresponding affine degenerate plane Π φ,u , the homothety λ maps Π φ,u to a parallel plane Π φ,q . Hence, every homothety preserves each photon in the lightcone L(p). Also, the homothety factor R * + act on the set of parallel planes to Π φ,q transitively. Therefore, R * + acts on the both connected components ofφ \ q, transitively. Let g be a non-trivial element in SO • (1, 2).
• If g is an elliptic element, then it preserves no degenerate plane in R 1,2 , and so, g preserves no photon in L(p). This implies that every elliptic 1-parameter subgroup of SO • (1, 2) acts on L(p) freely.
• If g is a parabolic element, then it preserves a unique degenerate plane in R 1,2 . Consequently, g preserves a unique photon φ in L(p). Therefore, every parabolic 1-parameter subgroup of
• If g is a hyperbolic element, then it preserves exactly two degenerate planes in R 1,2 . Hence, g preserves two photons φ and ψ in the lightcone L(p) and admits exactly two fixed points in the ideal circle S ∞ . Henceforth, every hyperbolic 1-parameter subgroup of
Now, let v ∈ R 1,2 be a translation on Minkowski space E 1,2 . Assume that Π ≤ R 1,2 is a degenerate linear plane and Π is an affine degenerate plane in E 1,2 parallel to Π. Then, v maps Π to the parallel plane v + Π. Hence, every translation preserves each photon in L(p).
• If v is a timelike vector, then it preserves no affine degenerate plane in E 1,2 . Hence, a timelike vector admits no fixed point in the vertex-less lightcone L(p).
• If v is a lightlike vector, then it preserves all the affine degenerate planes in E 1,2 parallel to v ⊥ ≤ R 1,2 . This implies that the set of points in L(p) fixed by a lightlike element is a unique photon.
• If v is a spacelike vector, then it preserves the two degenerate planes Π, Π ′ ≤ R 1,2 directed by the two distinct lightlike directions in the Lorentzian 2-plane v ⊥ ≤ R 1,2 . Obviously, v preserves all the affine degenerate planes in E 1,2 which are parallel to Π or Π ′ . Hence the set of points in L(p) fixed by a spacelike element is the union of two distinct photons.
is a normal subgroup of G, hence G acts on T (G) by conjugation. Therefore, the natural action of the linear isometry projection P li (G) on R 1,2 preserves the translation part T (G) ≤ R 1,2 . Furthermore, assume that T (G) fixes a photon φ in the lightcone L(p) pointwisely. Thus, T (G) preserves the leaves of the foliation induced by Π φ in E 1,2 . Henceforth, T (G) is a linear subspace of Π φ ≤ R 1,2 . This implies that, T (G) is either a degenerate subspace or it is a spacelike line. In the first, obviously P li (G) preserves Π φ . In the later, it is easy to see that P li (G) is a hyperbolic 1-parameter subgroup.
Hence, P li (G) preserves the two degenerate planes generated by T (G) and each of the null directions in the Lorentzian 2-plane T (G) ⊥ . We conclude that, if T (G) fixes a photon φ ⊂ L(p) pointwisely, then φ is invariant by P li (G) and consequently, by G.
Proof. First assume that
Proof of Theorem 3.4: Assume that G admits a 2-dimensional orbit at q ∈ Ein 1,2 . Obviously
Now, we prove the reverse direction. Suppose that dim G ≥ 2. First, assume that the linear isometry projection P li (G) is non-trivial. There are some cases:
Case I: The translation part is non-trivial. In this case, the photons which are fixed pointwisely by T (G) (if there exists any) are exactly those which P li (G) preserves them. Assume that H ⊂ G is a 1-parameter subgroup with non-trivial linear isometry projection P li (H). There exist a photon φ ⊂ L(p) which is not H-invariant. For an arbitrary point q ∈φ, the vector tangent to G(q) at q induced by H is spacelike. On the other hand, T (G) acts on the vertex-less photonφ transitively. So, there is a lightlike vector tangent to G(q) at q. This implies that, the tangent space
Case II: The translation part is trivial: There are two subcases.
◮ G contains the homothety factor R * + as a subgroup. The subgroup R * + preserves the ideal circle S ∞ and acts on L(p) \ (S ∞ ∪ {p}) freely. Let L be a 1-parameter subgroup of G transversal to R * + . Obviously, P li (L) is non-trivial. There exists a photon φ ⊂ L(p) which is not invariant by L. For an arbitrary point q ∈ φ \ (S ∞ ∪ {p}), the vectors tangent to the orbit G(q) at q induced by R * + and L are lightlike and spacelike, respectively. Hence,
. By the uniqueness of Levi factor we have G = SO • (1, 2), up to conjugacy (see [25, p.p 
. Let P be a 1-parameter subgroup of G which its linear isometry projection P li (P) is parabolic. Furthermore, assume that H is a 1-parameter subgroup of G which is transversal to P. Obviously, H has hyperbolic linear isometry projection and it also preserves a photon ψ ⊂ L(p) different from φ. Denote by Π ψ the degenerate plane in R 1,2 correspond to ψ. Observe that P acts on L(p) \ φ freely, since it preserves only φ.
Assume that H induces an open arc (orbit) I ⊂ ψ. Then P maps I to other photons, and therefore, G admits an open orbit in L(p). If H fixes ψ pointwisely, then it preserves the leaves of the foliation F Π ψ induced by Π ψ in E 1,2 . Observe that H admits a 1-dimensional orbit at some point q ∈ E 1,2 included in the leaf F Π ψ (q), since the action of Conf(E 1,2 ) is faithful. The vector tangent to G(q) at q induced by P does not lie in Π ψ , since P does not preserve Π ψ . Hence, G admits a 2-dimensional orbit at q.
Finally, assume that the linear isometry projection
If the homothety projection P h (G) is trivial, then G is a linear 2-plane in R 1,2 and so, all the orbits in E 1,2 are 2-dimensional. If P h (G) = R * + , then G preserves a unique leaf of F T (G) , namely the leaf containing o. Now, the result follows easily.
3.2. Lie subgroups of Conf(E 1,2 ). According to Theorem 3.1, every connected Lie subgroup of Conf(E 1,2 ) with dim ≥ 2 acts on Einstein universe with cohomogeneity one, except R 1,2 and R * + ⋉ R 1,2 . Here we give a complete list of connected Lie subgroups of Conf(E 1,2 ) with dim ≥ 2 up to conjugacy.
Let {e 1 , e 2 , e 3 } be an orthonormal basis for R 1,2 , where e 1 is timelike vector, and (x, y, z) be the corresponding coordinate on the Minkowski space M ink(p) ≈ E 1,2 with o = (0, 0, 0) ∈ E 1,2 as the origin (here o is the unique point fixed by R * + × SO • (1, 2) ). The Lie algebra of Conf(E 1,2 ) is isomorphic to the semi-direct sum (R ⊕ so(1, 2)) ⊕ θ R 1,2 , where θ is the natural representation of R ⊕ so(1, 2) into gl(R 1,2 ). Recall form Section 1.1, the simple group SO • (1, 2) ≃ PSL(2, R) has exactly four distinct non-trivial proper subgroup. The set {Y E , Y P , Y H } is a basis for the Lie algebra so(1, 2) as a vector space. For arbitrary elements λ ∈ R, X ∈ so(1, 2), and v ∈ R 1,2 , we denote the corresponding element in (R ⊕ so(1, 2)) ⊕ θ R 1,2 simply by λ + X + v, when there is no ambiguity. Furthermore, we denote by R(λ + X + v) the linear subspace of (R ⊕ so(1, 2)) ⊕ θ R 1,2 generated by the vector λ + X + v. Also, for a Lie subalgebra g ≤ (R ⊕ so(1, 2)) ⊕ θ R 1,2 , we denote by exp(g) the corresponding connected Lie subgroup of (R * + × SO • (1, 2)) ⋉ R 1,2 . The following theorem, characterizes all the connected Lie subgroups of Conf(E 1,2 ) with dim ≥ 2, up to conjugacy.
conjugate to one of the subgroups indicated in Tables 1-8 .
Subgroups with full translation part
Here a ∈ R * is a fixed number.
Subgroups with a Lorentzian plane as the translation part
Subgroups with a spacelike plane as the translation part
Sketch of proof:
The proof is based on considering different possible cases for the dimension and causal character of the translation part of G. Here, we explain the idea of proof by an example. The other subgroups can be obtained in a similar way. A complete version of proof is given in [22] .
Let dim T (G) = 2. Let the linear isometry projection
. We determine G up to conjugacy by considering the adjoint action of H on h. The linear isometry projection
Subgroups with a degenerate plane as the translation part
Here Π φ denotes the degenerate plane R(e 1 + e 2 ) ⊕ Re 3 ≤ R 1,2 , and a ∈ R * is a fixed number.
Subgroups with a timelike line as the translation part
Subgroups with a spacelike line as the translation part
Subgroups with a lightlike line as the translation part
Here L denotes the lightlike line R(e 1 + e 2 ) ≤ R 1,2 and a ∈ R * is a fixed number.
is the unique 2-dimensional Y P -invariant subspace of R 1,2 . Hence, T (G) = Π φ . The subgroups with a degenerate plane as the translation part have been indicated in Table 4 .
The Lie bracket rule on h is
Subgroups with trivial translation part
The adjoint action of H on its Lie algebra h is as follows: for an arbitrary element (r, A, v) ∈ H, we have
Denote by g the Lie algebra of G. There is a constant a ∈ R and a vector w ∈ R 1,2 such that {a + Y P + w, e 1 + e 2 , e 3 } is a basis for g as a vector space. The aim is to find a vector x ∈ R 1,2 such that
However, this is not always possible, but we try to simplify the vector w = (w 1 , w 2 , w 3 ) as much as we can. Note that the translation part T (g) is always invariant by the adjoint action of R * ⋉ R 1,2 .
• If a = 0, setting
we have
Thus a + Y P ∈ g ′ = Ad (1,Id,x) (h), and so, {a + Y P , e 1 + e 2 , e 3 } is a basis for g ′ . Therefore g is conjugate to the semi-direct sum
• If a = 0, setting x = (0, −w 3 , v 2 ) we have
Therefore, if w 1 = w 2 , the Lie algebra g is conjugate to
Otherwise, g is conjugate to the following Lie algebra via
In Section 6, we describe the codimension one orbits induced by the connected Lie subgroups of Conf(E 1,2 ) obtained in Theorem 3.6.
ACTIONS ON ANTI DE-SITTER AND DE-SITTER COMPONENTS AND THEIR BOUNDARIES
In this section, we study the cohomogeneity one actions on Einstein universe Ein and preserving a timelike line ℓ ≤ R 2,3 . Then G preserves the orthogonal complement subspace (1, 2) . Actually, it is conjugate to the Levi factor of Conf • (E 1,2 ) which is considered in Section 6. Hence, we only discuss on the subgroups which admit no fixed point Ein 1,2 .
The following theorem will play a key rule in the proof of Theorem 4.1. (1, n) . 3) be a connected subgroup which preserves a proper linear subspace V of R 1,3 . Observe that since G preserves the orthogonal space V ⊥ as well, it is suffix to consider the case dim V ≤ 2. Furthermore, if V (resp. V ⊥ ) contains a lightlike vector, then the intersection of P(V ) (resp. P(V ⊥ )) with P (N 1,3 ) is a discrete subset A consisting of one or two points.
Hence, by connectedness, G acts on A trivially. If V is a 1-dimensional timelike subspace, then G is a subgroup of SO(3) -the maximal compact subgroup-up to conjugacy. Proof of Theorem 4.1. If the action of G on R 1,3 is irreducible, then by Theorem 4.2 G = SO • (1, 3) . Suppose that G preserves a proper linear subspace V ≤ R 1,3 .
• Recall from Section 1.2.1 that, the 3-dimensional Anti de-Sitter space AdS 1,2 is isometric to SL(2, R) ⊂ M (2, R) endowed with the metric induced from (M (2, R), − det). Also, the identity 
where SO • (2, 1) is the stabilizer of a spacelike direction in R 2,2 by the action of SO • (2, 2).
The cohomogeneity one isometric actions on 3-dimensional Anti de-Sitter space has been studied by Ahmadi in [5] . We will study some of the actions directly.
The actions which fix a point in Einstein universe Ein 1,2 were studied in Section 3. Indeed, a subgroup of SO • (2, 2) which admits a fixed point in the boundary ∂AdS 1,2 = Ein 1,1 is a subgroup
up to conjugacy (see Remark 6.2). On the other hand, by the action of SO • (2, 2) on AdS 1,2 , the stabilizer of a point is a 3-dimensional Lie subgroup isomorphic to
. In fact, it is conjugate to the Levi factor of Conf • (E 1,2 ) which has been considered in Section 6. Hence, we only discuss on the subgroups on which fix no point in Ein 1,2 .
The group of conformal transformations on 2-dimensional Einstein universe Ein 1,1 is P O(2, 2) and its identity component is isomorphic to PSL(2, R) × PSL(2, R). As we mentioned earlier in Section
According to that, the left factor (resp. the right factor) PSL(2, R) acts on every photon { * } × RP 1 (resp. RP 1 × { * }) trivially. Note that, the classification of connected Lie subgroups of (SL(2, R) × SL(2, R))/Z 2 is equivalent to the classification of connected Lie subgroups of SL(2, R) × SL(2, R). Moreover, a connected Lie subgroup of (SL(2, R) × SL(2, R))/Z 2 and its corresponding connected Lie subgroup in SL(2, R) × SL(2, R) admit the same orbits in Einstein universe Ein 1,2 = AdS 1,2 ∪ Ein 1,1 . Therefore, we may consider the cohomogeneity one actions of subgroups of SL(2, R) × SL(2, R) instead those of (SL(2, R) × SL(2, R))/Z 2 . Consider the following natural group morphisms
By the action of SL(2, R) × SL(2, R), the identity component of the stabilizer of a point in viaĩ.
By the action of SL(2, R) × SL(2, R) on Anti de-Sitter space AdS 1,2 ≈ SL(2, R), the stabilizer of a point is conjugate to the graph of the identity map Id SL(2,R) : SL(2, R) → SL(2, R) which is the stabilizer of the identity element Id ∈ SL(2, R)
Indeed, an automorphism ϕ : SL(2, R) → SL(2, R) is a conjugation if and only if graph(ϕ) ⊂ SL(2, R) × SL(2, R) fixes a point in Anti de-Sitter space AdS 1,2 ≈ SL(2, R). 
where λ ∈ R * , and ϕ : SL(2, R) → SL(2, R) is an isomorphism which is not a conjugation.
Proof. Suppose that G fixes no point in Ein 1,1 . Therefore, G contains an element (g, h), such that either g or h is elliptic. Without loosing generality, we may restrict ourselves to the case g is elliptic.
Hence, P 1 (G) is either conjugate to Y E or it is SL(2, R). Denote by g the Lie algebra of G and by p i the differential of P i at the identity element for i = 1, 2. Case I: P 1 (G) = Y E . In this case G is a subgroup of Y E × SL(2, R) up to conjugacy.
-If dim G = 2, the second projection p 2 from g to aff is a Lie algebra isomorphism.
Hence, f =:
: aff → p 1 (h) = RY E is a surjective Lie algebra morphism.
The kernel of f is a 1-dimensional ideal of aff, hence ker f = RY P . This induces an isomorphism from aff/RY P ≃ RY H to RY E . Thus, there exists a real nonzero number λ, such that f (tY H + sY P ) = λtY E , for all t, s ∈ R. This implies that G is conjugate to
surjective Lie algebra morphism. But, this contradicts the simplicity of sl(2, R), since ker f is a 2-dimensional ideal of sl(2, R). Therefore, dim G = 4 and so, G = Y E × SL(2, R) up to conjugacy.
Case II: P 1 (G) = SL(2, R).
• dim P 2 (G) = 1. We claim that dim G = 3. On the contrary, assume that dim G = 3. Then
• dim P 2 (G) = 2. In this case, G is a subgroup of SL(2, R) × Aff up to conjugacy. We show that dim G = 5. If dim G = 3, then using the same argument as the previous case, f = p 2 • p −1 1 : sl(2, R) → aff is a surjective Lie algebra morphism. But, this contradicts the simplicity of sl(2, R), since ker f is a 1-dimensional ideal of sl(2, R). If dim G = 4, then the kernel of p 1 : g → sl(2, R) is a 1-dimensional ideal of {0} ⊕ aff, hence ker p 1 = {0} ⊕ RY P . In the one hand, g/ ker p 1 ≃ sl(2, R), thus it is a simple Lie algebra. On the other hand, the map
is a surjective Lie algebra morphism, where (X, aY H ) ∈ g ≤ sl(2, R) ⊕ aff. But, this contradicts the simplicity of g/ ker p 1 . Thus, dim G = 5, and so, G = SL(2, R) × Aff up to conjugacy.
• dim P 2 (G) = 3. In this case P 2 (G) = SL(2, R), and dim G ∈ {3, 4, 5, 6}. We claim that dim G / ∈ {4, 5}, otherwise, ker P 1 is a nontrivial proper normal Lie subgroup of {Id} × SL(2, R), which contradicts the simplicity of SL(2, R). Thus dim G ∈ {3, 6}.
If dim G = 3, then P 1 , P 2 : G → SL(2, R) are isomorphisms and G = graph(ϕ) ≃ SL(2, R) where ϕ = P 1 • P −1 2 . In the one hand, G fixes no point in the boundary ∂AdS 1,2 = Ein 1,1 , since the stabilizer of a point in Ein 1,1 is a solvable group conjugate to Aff × Aff. On the other hand, ϕ is a conjugation if and only if G is conjugate to graph(id SL(2,R) ) if and only if it fixes a point in AdS 1,2 ≈ SL(2, R) (which should be excluded by assumption). Proof. Consider the action of G = graph(ϕ) on (M (2, R), − det). By Theorem 0.3, G preserves a non-trivial linear subspace V of (M (2, R), − det). Since it also preserves the orthogonal space V ⊥ , it is suffix to focus on dim V ≤ 2. We show that V has signature (0, 1). Assume the contrary:
• If V is a timelike line, then obviously G fixes two points on AdS 1,2 ≈ SL(2, R), namely, SL(2, R) ∩ V , which contradicts the fact that ϕ is not a conjugation.
• If V is a lightlike line, then G fixes a point in the boundary Ein 1,1 . This is a contradiction, since the stabilizer of a point in Ein 1,1 is a solvable group isomorphic to Aff × Aff.
Case II: dim V = 2
• Assume that the restriction of − det on V is definite (positive or negative). Hence, there is a representation ρ : SL(2, R) → SO(2) × SO(2), since the identity component of the groups of linear isometries on V and V ⊥ are isomorphic to SO(2). By Lemma 1.7, ρ is trivial, a contradiction.
• Suppose that the restriction of − det on V has signature (1, 1), (1, 0, 1), or (0, 1, 1). In all the cases, G preserves a lightlike line. Hence, it admits a fixed point in Ein 1,1 . Once more, a contradiction.
• If V has signature (0, 0, 2), then it preserves a photon on Ein 1,1 . Thus, G is conjugate to the Levi factor of Stab SL(2,R)×SL(2,R) (φ) = SL(2, R) × Aff which is SL(2, R). By Remark 4.5, the Levi factor does not admit a 2-dimensional orbit in Ein 1,2 . Again, a contradiction.
Henceforth, V is a spacelike line in M (2, R), and G acts on it trivially. We have assumed in the beginning of this section that G preserves a spacelike line in R 2,3 which is orthogonal to M (2, R). Thus G acts on a positive definite 2-dimensional linear subspace Π, generated by V and ℓ, of R 2,3 trivially. This induces a surjective faithful representation of G in SO • (2, 1), the group of linear isometries of Π ⊥ . This completes the proof. be an arbitrary point in AdS 1,2 ≈ SL(2, R).
• G is one of the groups SL(2, R) × SL(2, R) or SL(2, R) × Y E . It is obvious that G acts on the Anti de-Sitter component AdS 1,2 and its conformal boundary E 1,1 transitively.
• G is one of the groups SL(2, R) × Aff or SL(2, R) × Y P . Since G contains SL(2, R) as a subgroup, it acts on the Anti de-Sitter component transitively. In the both cases, G preserves the photon φ = {∞} × RP 1 and acts on Ein 1,1 \ φ transitively.
• G = SL(2, R) × Y H . This group acts on Anti de-Sitter component transitively, since it contains SL(2, R) as a subgroup. Also, it preserves the photons φ = {∞} × RP 1 and ψ = {0} × RP 1 , and acts on the both connected components of Ein 1,1 \ (φ ∪ ψ) transitively.
• G = Y E × Aff. This group preserves the photon φ = {∞} × RP 1 and acts on Ein 1,1 \ φ transitively. Also, it acts on Anti de-Sitter component AdS 1,2 freely. So, G admits the same For an arbitrary point p ∈ AdS 1,2 , the vectors tangent to the orbit G λ (p) at p induced by H λ and {Id} × Y P are:
respectively. Observe that, the orthogonal space of the null vector v P in the tangent space
Hence, all the orbits induced by G λ are Lorentzian. Note that, for all λ ∈ R * + , the orbits induced by G λ in Ein 1,2 are exactly the same as the orbits induced by G 1 . In other words, G λ is orbitally-equivalent to G 1 via the identity map on Ein 1,2 (Lemma 1.35).
• G = Y E × Y P . It is not hard to see that G acts on the photon φ = {∞} × RP 1 ⊂ Ein 1,1 and on Ein 1,1 \ φ transitively. On the other hand, G acts on AdS 1,2 freely, since Y E × Aff does.
For an arbitrary point p ∈ AdS 1,2 , the vector tangent to the orbit G(p) at p induced by the
Observe that v is a timelike vector. Hence, G admits a codimension 1 foliation on AdS
where every leaf is Lorentzian.
It can be easily seen that G acts on the photons φ = {∞} × RP 1 , ψ = {0} × RP 1 ⊂ Ein 1,1 , and on the two connected components of
On the other hand G acts on AdS 1,2 freely, since Y E × Aff does. For an arbitrary point p ∈ AdS 1,2 , the vector tangent to the orbit G(p) at p induced by the 1-parameter subgroup
The tangent vector v is timelike. Hence, G admits a codimension 1 foliation on AdS 1,2 where every leaf is Lorentzian and G acts freely. 2) . By Lemma 4.8, G preserves a linear subspace V ≤ R 2,3 of signature (0, 2) and its orthogonal complement V ⊥ (of signature (2, 1) ). Hence, G preserves a timelike circle Proof of Theorem 4.4. Assume that the first projection P 1 (G) is trivial. Then G is either conjugate to Aff or it is SL(2, R). Observe that, affine group admits a fixed point in Ein 1,1 . Also, SL(2, R) acts on AdS 1,2 transitively and preserves every photon { * } × RP 1 . Thus, it does not admit a 2-dimensional orbit in Ein 1,2 . The same happens for the case P 2 (G) = {Id}.
Now, suppose that P 1 (G), P 2 (G) = {Id}. Then, G (or J(G)) is conjugate to one of the subgroups mentioned in Proposition 4.7. The theorem follows from the above consideration on orbits.
ACTIONS PRESERVING A PHOTON
In this section, we consider the cohomogeneity one actions on Einstein universe Ein 1,2 preserving a photon. φ ), for which each leaf is a degenerate surface diffeomorphic to R 2 . More precisely, choosing a point x 0 ∈ φ, one of the leaves is L(x 0 ) \ φ and the other leaves are the degenerate affine 2-planes in the Minkowski patch M ink(x 0 ) with limit point in φ. Therefore, we may determine a leaf of F φ by its limit point x ∈ φ and denote it by F φ (x). In other words, for an arbitrary point x ∈ φ, the leaf F φ (x) is the degenerate surface L(x) \ φ.
By Lemma 1.20, the stabilizer of a photon in
where H(3) is the 3-dimensional Heisenberg group. The action of Conf(Ein
The kernel K = ker π is a four-dimensional Lie subgroup with two connected components. Fix an arbitrary point x 0 ∈ φ and consider the Minkowski space M ink(x 0 ) ≈ E 1,2 with underlying Lorentzian vector space (sl(2, R), − det) (described in Section 1.1). Now, we have
The identity component K • of the kernel is conjugate to the Lie subgroup
described in Remark 6.4. Setting t = 0 in Eq. 5.1, we obtain a Lie subgroup of K which is the maximal unipotent subgroup isomorphic to the 3-dimensional Heisenberg group H(3). Indeed, H(3) ⊂ K coincides with the semidirect product Y P ⋉ Π where Y P is the 1-parameter parabolic subgroup of PSL(2, R) and Π is the unique degenerate Y P -invariant 2-plane in R 1,2 = (sl(2, R), − det). The center of Heisenberg group
Observe that, L is the set of lightlike (elements in Π) translations in the Minkowski patch M ink(x 0 ).
The following proposition gives a powerful tool to prove Theorem 5.1.
Proposition 5.2. Let G be a connected Lie subgeoup of Conf(Ein
1,2
φ ) which acts transitively on φ and admits a 2-dimensional orbit at p ∈ Ein Observe that, if g ∈ H(3) is a lightlike transformation on a Minkowski patch M ink(x 0 ) (for some x 0 ∈ φ), then for all y ∈ φ, it is a lightlike transformation on the Minkowski patch M ink(y). Thus, we may talk about a lightlike transformation without mentioning a Minkowski patch. Indeed, an element g ∈ H(3) is a lightlike transformation if and only if g belongs to the center L .
Definition 5.3. Let x ∈ φ be an arbitrary point. A non-trivial element g ∈ H(3) is called: • a lightlike transformation on M ink(x), if it fixes no point in Ein
Assume that g ∈ H(3) is a spacelike transformation on a Minkowski patch M ink(x 0 ) (for some x 0 ∈ φ). Actually, g is a spacelike translation in the Minkowski patch M ink(x 0 ), and so, the ginvariant subsets of F φ (x 0 ) = L(x 0 ) \ φ are included in the vertex-less photons in the lightcone L(x 0 ). More precisely, g preserve no spacelike curve in the degenerate surface F φ (x 0 ).
Furthermore, assume that g ∈ H(3) is a parabolic transformation on a Minkowski patch M ink(x) (for some x ∈ φ). Denote by γ the lightlike geodesic in M ink(x) which is fixed pointwisely by g. By continuity, g fixes the limit point of γ in the lightcone L(x). Hence, the limit point of γ is contained in φ, since g fixes no point in the leaf F φ (x) = L(x) \ φ. This shows that γ is contained in a leaf of F φ . One can see that the 1-parameter subgroup of H(3) generated by g acts on the leaf F φ (x) freely and every orbit is a spacelike curve (i.e. of signature (0, 1)).
Lemma 5.4. Let g be a non-trivial element in H(3).
Then there exists a unique point x 0 ∈ φ such that g is a spacelike transformation on M ink(x 0 ) if and only if for all x ∈ φ \ {x 0 }, g is a parabolic transformation on M ink(x).
Proof. Assume that g is a spacelike transformation on M ink(x 0 ). Then the set of points fixed by g in Ein 1,2 φ is a unique lightlike geodesic γ ⊂ F φ (x 0 ) = L(x 0 ) \ φ. For an arbitrary point x ∈ φ \ {x 0 }, γ is a lightlike geodesic in the Minkowski patch M ink(x). Hence, g is a parabolic transformation of M ink(x) for all x ∈ φ \ {x 0 }.
Conversely, assume that g is a parabolic transformation in a Minkowski patch M ink(x) (for some x ∈ φ). Then the set of points fixed by g in Ein 1,2 φ is a unique lightlike geodesic γ ⊂ M ink(x). Let x 0 denotes the limit point of γ in the lightcone L(x). Obviously, x 0 ∈ φ. Observe that γ is a vertex-less photon in F φ (x 0 ) = L(x 0 ) \ φ. Hence, g is a spacelike transformation on M ink(x 0 ). This completes the proof.
Corollary 5.5. Let g ∈ H(3) be a non-trivial element. Then, either g ∈ L (hence, for all x ∈ φ, it is a lightlike transformation on the Minkowski patch M ink(x)), or there exists a unique point x 0 ∈ φ such that g is a spacelike transformation on M ink(x 0 ) and for all x ∈ φ \ {x 0 } it is a parabolic transformation on M ink(x).
Proof. Considering Eq. 5.1, every non-trivial element in H(3) with s = u = 0 (resp. s = v = 0, resp s = 0) is a lightlike (resp. spacelike, parabolic) transformation of Minkowski patch M ink(x 0 ). Now, the corollary follows from Lemma 5.4. 
Proof. In the one hand, since G acts on φ transitively, dim G = dim Stab G (x) + 1, for all x ∈ φ. On the other hand, for p ∈ F φ (x), Stab G (p) is a subgroup of Stab G (x), since the action of G preserves the foliation F φ . More precisely,
Proof of Proposition 5.2. Assume the contrary, where g is an element in the connected component of G ∩ H(3) and g / ∈ L . There exists a point x 0 ∈ φ such that p ∈ F φ (x 0 ). By Corollary 5.5, g is either a spacelike or parabolic transformation on the Minkowski patch M ink(x 0 ). Denote by O p and g t , the orbit induced by Stab G (x 0 ) at p and a 1-parameter subgroup of G ∩ H(3) containing g, respectively. By Proposition 5.6, the orbit O p is 1-dimensional.
• If g is a spacelike transformation on M ink(
arbitrary point x ∈ φ \ {x 0 }, there exists h ∈ G such that hx 0 = x, since G acts on φ transitively. By Lemma 5.4 g is a parabolic transformation on M ink(x). Hence, g t acts on F φ (x) freely. Thus, the orbit C = g t (hp) is an open subset of the orbit induced by Stab G (x)
at hp and it is spacelike (i.e. of signature (0, 1)). Hence, the orbit induced by Stab G (x) at hp is spacelike. Obviously,
is an open subset of O p . This is a contradiction, since g preserves no spacelike curve in F φ (x 0 ).
• If g is a parabolic transformation of M ink(x 0 ), then the orbit C = g t (p) is a spacelike (i.e. of signature (0, 1)) curve in F φ (x 0 ). By Lemma 5.4, there exists a unique point x ∈ φ \ {x 0 } such that g is a spacelike transformation on the Minkowski patch M ink(x). There exists h ∈ G such that hx 0 = x. The same argument as the previous case shows that h(C) is an open subset of the orbit induced by Stab G (x) at hp. This contradicts the fact that g preserves no spacelike curve in F φ (x).
This completes the proof.
Definition 5.7. A non-trivial element g ∈ K is called a hyperbolic-homothety (abbreviation H) -transformation if the set of its fixed points in Ein
φ is a photon.
Considering Eq. 5.1, elements with t = 0 are H-transformations. Let g ∈ K be an H-transformation and ψ ⊂ Ein 1,2 φ be the unique photon fixed pointwisely by g. The photon ψ intersects every leaf of F φ in a unique point. More precisely, for an arbitrary point x ∈ φ, the intersection of ψ with the Minkowski patch M ink(x) is a lightlike geodesic γ. The limit point of γ is contained in F φ (x) = L(x) \ φ. Hence, γ intersects every affine degenerate plane in M ink(x) with limit point in φ. If g ∈ K • , denote by g t an arbitrary 1-parameter subgroup of K • containing g. Observe that g t preserves ψ, since it is abelian. On the other hand g t preserves the leaves of the foliation F φ . Hence, g t acts on γ trivially. Consequently, γ is the unique photon fixed pointwisely by every element in g t . Observe that, a 1-parameter subgroup g t generated by an H-transformation g ∈ K • preserves the unique g-invariant affine Lorentzian 2-plane in M ink(x 0 ), since g t is abelian. Proof. Assume the contrary that g ∈ K G is a parabolic or spacelike transformation on M ink(x 0 ). The element g fixes pointwisely a unique lightlike geodesic γ ⊂ Ein 1,2 φ contained in a leaf of F φ . Note that, G preserves γ, since it is abelain. But, this contradicts the fact that every G-orbit in Ein 
Proof. Let L ⊂ G be an arbitrary 1-parameter subgroup transversal to K G
• . Obviously, L acts on φ transitively. If K L is trivial, then lemma follows evidently. Otherwise, L is isomorphic to R and K L ≃ Z. Assume that g ∈ K L is a generator. By Lemma 5.11, g is either an H-transformation or a lightlike transformation. In the first, lemma follows easily. If g is a lightlike transformation, by Proposition 5.2, there are two possibilities:
• L is not a subgroup of K G
• : Observe that in this case, K G • is a 1-parameter subgroup consisting of the identity element and H-transformations. Also, G is a 2-dimensional connected Lie group and so, by [33, p.p. 212] it is isomorphic to the 2-torus T 2 , R × SO(2), R 2 , or Aff. Let h ∈ K G
• be an arbitrary non-trivial element. Then hg is an H-transformation by Corollary 5.8. Since the exponential map exp : Lie(G) → G is surjective, there exists a 1-parameter subgroup L ′ through hg. In the one hand, hg ∈ K L ′ , so all the non-trivial elements in
Let P be the totally isotropic 2-plane in R 2,3 corresponding to the photon φ ⊂ Ein 1,2 , and Q be a subspace of R 2,3 supplementary to P ⊥ . There is a canonical identification between Q and the dual space P * . Let ., . denote the bilinear form on R 2,3 . The map ϑ sending a vector v ∈ Q to the functional v, . : P → R is linear. Also, ϑ is injective: ϑ(v) = ϑ(w) implies that v − w, . ≡ 0, since ., . is non-degenerate, hence we get v − w = 0. Thus, ϑ is an isomorphism. Furthermore, let H ⊂ SO • (2, 3) preserves P , and Q be an H-invariant complement for P ⊥ in R 2,3 . In the one hand, the action of H on P induces a representation (not unique) from H to GL(P * ) by duality. On the other hand, the action of H on Q induces a unique representation from H to GL(P * ) on which the isomorphism ϑ is H-equivariant. It is not hard to see that the representation induced via P is conjugate to the one induced via Q.
Let ψ ⊂ Ein
1,2
φ be a photon and denote by P ψ its corresponding totally isotropic 2-plane in R 2,3 . The linear subspace P ∪ P ψ ≤ R 2,3 is of signature (2, 2) . Hence, the union of φ and ψ determines a unique Einstein hypersphere Ein and another photon ξ which contain the limit points of lightlike geodesics in T . Indeed, φ ∪ ξ is the set of the limit points of lightlike geodesics of every Lorentzian affine 2-plane in M ink(x 0 ) parallel to T . But, T is the unique such affine plane which contains the lightlike geodesic ψ ∩ M ink(x 0 ). Proof of Theorem 5.1. First, consider the action of G on φ. If G admits a fixed point x ∈ φ, then x is the desired fixed point. Now, assume that G acts on φ transitively. Obviously, π(G) is either PSL(2, R) or it is conjugate to SO(2) ≃ Y E . We show that in the both cases, G preserves a line in R 2,3 .
Case I: π(G) = PSL(2, R). Denote by g and k the Lie algebras correspond to G and K G , respectively. The following short sequence of Lie algebras and Lie algebra morphisms is exact.
One can see sl(2, R) as the Levi factor of g, since k is the radical solvable ideal of g. Henceforth, PSL(2, R) is a subgroup of G, up to finite cover, and G = K G .PSL(2, R). It is clear that G acts on the totally isotropic plane P irreducibly and preserves the orthogonal space P ⊥ . By Proposition 5.2, the connected component of the intersection of G with Heisenberg group H(3) is either trivial or it is L ≃ R. Therefore, K G
• is either trivial or it is isomorphic to R or Aff. The subgroup PSL(2, R) ⊂ G acts on K G by conjugacy, since K G is a normal subgroup of G. The simplicity of PSL(2, R), and Lemma 1.6 imply that this action is trivial. Moreover, using the simplicity of PSL(2, R) again, its action on R 2,3 splits as the sum of irreducible actions (see [24, p.p. 28] ).
Suppose that R 2,3 = P ⊕ ℓ ⊕ Q is a PSL(2, R)-invariant splitting, where ℓ ≤ P ⊥ is a line supplementary to P in P ⊥ and Q is a 2-plane supplementary to P ⊥ in R 2,3 . The canonical identification between Q and P * shows that PSL(2, R) acts on Q irreducibly. It is not hard to see that ℓ is the only PSL(2, R)-invariant line in R 2,3 . Since the conjugacy action of PSL(2, R) on K G is trivial, every element of PSL(2, R) commutes with all the elements of K G . This implies that K G preserves ℓ as well. Thus, any element of G preserves ℓ. Henceforth P(ℓ) ∈ RP 4 is the desired fixed point.
Case II: π(G) = SO(2) up to conjugacy. In this case dim
• is isomorphic to either R or Aff. We split this case to two subcases: G contains a 1-dimensional compact subgrgoup (a copy of SO (2)), and there is no 1-dimensional compact subgroup in G:
• G contains a 1-dimensional compact subgroup. In this case we have G = K G
• .SO (2) . The group SO(2) ⊂ G acts on K G
• by conjugacy, since K G • is a normal subgroup of G. This action is trivial, since both R ≃ Aut • (R) and Aff ≃ Aut • (Aff) contain no 1-dimensional compact Lie subgroup (see Lemma 1.6). Furthermore, the action of SO(2) on R 2,3 splits as the sum of irreducible actions, since it is compact (see [20, Proposition 4.36] ). Using the same symbols as we used for the previous case, suppose that R 2,3 = P ⊕ ℓ ⊕ Q is a SO(2)-invariant splitting. It is easy to see that SO(2) acts irreducibly on Q. Also, ℓ is the only SO(2)-invariant line in R 2,3 . Since the conjugacy action of SO(2) on K G
• is trivial, every element of SO (2) commutes with all the elements of K G
• . This implies that K G • preserves ℓ as well. Consequently, all the elements in G preserve ℓ. Henceforth P(ℓ) ∈ RP 4 is the desired fixed point.
• G contains no 1-dimensional compact subgroup. In this case, every 1-parameter subgroup transversal to K G
• is isomorphic to R. By Lemma 5.12, there exists a 1-parameter subgroup 
corresponding to Ein 1,1 , and so, it admits a fixed point in the projective space RP 4 .
TWO-DIMENSIONAL ORBITS INDUCED IN MINKOWSKI PATCH AND LIGHTCONE
According to Theorem 3.1, every connected Lie subgroup of Conf(E 1,2 ) with dim ≥ 2 acts on Einstein universe Ein 1,2 with cohomogeneity one, except R 1,2 and R * + ⋉ R 1,2 . The connected Lie subgroups of Conf(E 1,2 ) with dimension greater that or equal to 2 are classified in Theorem 3.6 up to conjugacy. In this section, we describe the topology and causal character of the codimension one orbits in Ein 1,2 = M ink(p) ∪ L(p) induced by the cohomogeneity one action of the Lie subgroups indicated in Theorem 3.6. For more details about the other orbits see [22] . For an arbitrary point q ∈ E 1,2 ≈ M ink(p), there is a natural identification between the tangent space T q E 1,2 and the underlying scalar product space R 1,2 . Therefore, by the action of a Lie subgroup G ⊂ Conf(E 1,2 ), we may always consider the translation part T (G) as a linear subspace of T q G(q), since R 1,2 acts on E 1,2 freely.
We fix some notations here. Denote by Π φ and φ the unique degenerate plane R(e 1 + e 2 ) ⊕ Re 3 ≤ R 1,2 invariant by the 1-parameter parabolic subgroup Y P ⊂ SO • (1, 2) and its corresponding photon in L(p), respectively. Furthermore, denote by Π ψ and ψ the degenerate plane R(e 1 − e 2 ) ⊕ Re 3 ≤ R 1,2 and its corresponding photon in L(p), respectively, which both are invariant by the 1-parameter hyperbolic subgroup Y H ⊂ SO • (1, 2) . Also, for a linear subspace V ≤ R 1,2 , denote by F V the foliation induced by V in Minkowski space E 1,2 .
Remark 6.1. Let λ + X + v be an arbitrary element in (R ⊕ so(1, 2)) ⊕ θ R 1,2 and q ∈ E 1,2 be an arbitrary point. There is an easy way to determine the tangent vector in T q E 1,2 induced by the action of exp(R(λ + X + v)) on E 1,2 : the vector d dt | t=0 exp(t(λ + X + v))(q) coincides with λX(q) + v where λ and X act on E 1,2 (with origin o) as linear maps. Now, we are ready to describe the 2-dimensional orbits induced by the subgroups indicated in Tables 1-8 .
Orbits induced by subgroups with full translation part. Here, we consider the codimension one orbits of a Lie subgroup G ⊂ Conf • (E 1,2 ) with T (G) = R 1,2 . These groups have been listed in Table  1 . Obviously, G acts on Minkowski space E 1,2 transitively, since it contains R 1,2 as a subgroup. Therefore, the 2-dimensional G-orbit is contained in the lightcone L(p). The translation part T (G) = R 1,2 acts on each vertex-less photon in L(p) transitively.
Note that, the groups R 1,2 and R * + × R 1,2 admit 2-dimensional orbit neither in E 1,2 nor in the lightcone L(p).
• If the linear isometry projection P li (G) contains an elliptic element, then G acts on the vertex-less lightcone L(p) transitively. Hence, the following Lie subgroups admit a unique 2-dimensional orbit in Ein 1,2 i.e., the vertex-less lightcone L(p) which is a degenerate surface (i.e., of signature (0, 1, 1)).
, where a ∈ R * .
• If the linear isometry projection P li (G) is a proper subgroup of SO • (1, 2) and it contains a parabolic element, then G preserves a unique photon φ, and acts on its complement in the lightcone L(p) transitively. Thus all the following groups admit a unique 2-dimensional orbit in Ein 1,2 which is the degenerate surface L(p) \ φ.
, where a ∈ R *
• If the linear isometry projection P li (G) is a 1-parameter hyperbolic subgroup of SO • (1, 2) , then G preserves two distinct photons φ and ψ, and acts on the two connected components of L(p) \ (φ ∪ ψ) transitively. This implies that the following groups admit in Ein 1,2 two 2-dimensional orbits which are the connected components of L(p) \ {φ ∪ ψ}.
Orbits induced by subgroups with a Lorentzian plane as the translation part. Now, we describe the 2-dimensional orbits induced by a connected Lie subgroup G ⊂ Conf • (E 1,2 ) which its translation part is a Lorentzian plane. These groups have been listed in Table 2 .
Observe that, the translation part T (G) acts on each vertex-less photon in the lightcone L(p) transitively, since the action of a timelike plane does not preserve any degenerate affine plane in E 1,2 . Also, T (G) induces a codimension 1 foliation F T (G) in E 1,2 on which the leaves are Lorentzian affine planes. Also, the linear isometry projection P li (G) is either trivial or it is a 1-parameter hyperbolic subgroup of SO • (1, 2) . In the first case, G preserves every photon in the lightcone L(p), and so, it admits no 2-dimensional orbit in L(p). In the later, G preserves two distinct photons φ, ψ ⊂ L(p) and acts on the both connected components of L(p) \ (φ ∪ ψ) transitively. In the following we discuss on the 2-dimensional G-orbits in the Minkowski patch M ink(p) ≈ E 1,2 .
• G = T (G) = Re 1 ⊕ Re 2 . The 2-dimensional orbits induced by G in Ein 1,2 are the leaves of the leaves of the foliation F T (G) .
. This group preserves the leaves of the foliation F T (G) . Henceforth, the 2-dimensional orbits induced by G in E 1,2 are the leaves of F T (G) .
For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by the 1-parameter subgroup exp R(Y H + e 3 ) is v = (y, x, 1). The set {e 1 , e 2 , v} is a basis for the tangent space T q G(q). This implies that G acts on E 1,2 transitively. Thus, the connected components of L(p) \ (φ ∪ ψ) are the only 2-dimensional orbits induced by G in Einstein universe Ein 1,2 .
Remark 6.2. Observe that by the action of
the union of the leaf F T (G) (o) (which is a Lorentzian affine 2-plane) and the photons φ and ψ is G-invariant. Actually, Orbits induced by the subgroups with a spacelike plane as the translation part. Suppose that G ⊂ Conf • (E 1,2 ) is a connected Lie subgroup which its translation part T (G) is a spacelike plane. These groups have been listed in Table 3 .
The translation part T (G) acts on each vertex-less photon in the lightcone L(p) transitively, since the action of a spacelike plane preserves no degenerate affine plane in E 1,2 . Also, T (G) induces a codimension 1 foliation F T (G) in E 1,2 on which the leaves are affine spacelike planes. Moreover, the linear isometry projection P li (G) is either trivial or it is a 1-parameter elliptic subgroup of SO • (1, 2) . In the first case, G preserves every vertex-less photon in L(p). In the later, G acts on the vertex-less lightcone L(p) transitively. Now, we describe the 2-dimensional G-orbits in the Minkowski patch M ink(p) ≈ E 1,2 .
• G = T (G) = Re 2 ⊕ Re 3 . The 2-dimensional orbits induced by G in Ein 1,2 are the leaves of the foliation F T (G) in the Minkowski patch E 1,2 .
namely, the leaf F T (G) (o).
• G = Y E ⋉ (Re 2 ⊕ Re 3 ). This group preserves the leaves of the foliation F T (G) . Therefore, the leaves of
, a ∈ R * . It is not hard to see that the leaf F T (G) (o) is the unique 2-dimensional G-orbit in the Minkowski space E 1,2 .
• G = exp R(Y E + e 1 ) ⋉ (Re 2 ⊕ Re 3 ). For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by the 1-parameter subgroup exp R(Y E + e 1 ) is v = (1, z, −y) . The set {e 2 , e 3 , v} is a basis for the tangent space T q G(q). This implies that G acts on E 1,2 , transitively. Hence, the connected components of L(p) \ (φ ∪ ψ) are the only 2-dimensional orbits induced by G in Einstein universe Ein 1,2 . Orbits induced by the subgroups with a degenerate plane as the translation part. Assume that G ⊂ Conf • (E 1,2 ) is a connected Lie subgroup which its translation part T (G) is a degenerate plane, i.e., G belongs to Table 4 .
Remark 6.3. Observe that by the action of
The translation part T (G) = Π φ preserves the leaves of the foliation F Π φ . Hence, it acts on the corresponding photon φ in L(p) trivially. Also, it acts on all the vertex-less photons in L(p) different fromφ transitively. Furthermore, the linear isometry projection P li (G) is either trivial or it is a subgroup of Aff ⊂ SO • (1, 2), up to conjugacy.
Case I: Assume that the linear isometry projection P li (G) is trivial. Then G admits no 2-dimensional orbit in the lightcone.
• G = Π φ = R(e 1 + e 2 ) ⊕ Re 3 . The codimension one orbits induced by G in Ein 1,2 are the leaves of the foliation
This group admits a unique 2-dimensional orbit in Einstein universe Ein 1,2 , namely, the leaf F Π φ (o).
Case II: Assume that the linear isometry projection P li (G) contains a parabolic element. Then G preserves a unique photon φ ⊂ L(p) and acts on the degenerate surface L(p) \ φ transitively. So, in the following, we only describe the 2-dimensional orbits in the Minkowski patch M ink(p) ≈ E 1,2 .
•
It is easily seen that G admits a unique 2-dimensional orbit in E 1,2 , namely, the degenerate leaf F Π φ (o).
• G = exp (R(1+ Y H )+ RY P ) ⋉ Π φ . For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups exp R(1 + Y H ) and Y P are v = (x+y, x+y, z) and w = (z, z, x−y), respectively. Obviously, v, w ∈ Π φ ≤ T q G(q).
Therefore, G preserves the leaves of the foliation F Π φ . Henceforth, the 2-dimensional orbits induced by G in E 1,2 are the leaves of F Π φ . •
By some computations, one can see that G acts on the Minkowski patch E 1,2 transitively. Hence, the degenerate surface L(p) \ φ is the only 2-dimensional G-orbit in Ein 1,2 .
• G = Y P ⋉ Π φ . This group preserves the leaves of the foliation F Π φ , since it is a subgroup of K. Therefore, the leaves of the of F Π φ are the 2-dimensional G-orbits in E 1,2 .
Case III: Assume that the linear isometry projection is a 1-parameter hyperbolic subgroup of SO • (1, 2) . Then G preserves two distinct photons φ and ψ in L(p), and acts on the both connected components of L(p) \ (φ ∪ ψ) transitively. In the following we discuss on the 2-dimensional G-orbits in the Minkowski patch M ink(p) \ E 1,2 .
• G = Y H ⋉ Π φ . The 1-parameter subgroup Y H preserves the leaf F Π φ (o), hence, it is a Gorbit. For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by Y H is v = (y, x, z). The set {(e 1 + e 2 ), e 3 , v} ⊂ T q G(q) is a basis if and only if x = y if and only if q / ∈ F Π φ (o). Therefore, the leaf
It can be easily seen that G admits a unique 2-dimensional orbit in E 1,2 , namely, the degenerate leaf F Π φ (o).
• G = exp R(1 + Y H ) ⋉ Π φ . This group preserves the leaves of the foliation F Π φ , since it is a subgroup of K (Remark 6.4). Hence, the leaves of F Π φ are the 2-dimensional G-orbits in E 1,2 .
• G = exp R(1 + Y H + e 1 ) ⋉ Π φ . For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by exp R(1 + Y H + e 1 ) is v = (x + y + 1, x + y, z). The set {(e 1 + e 2 ), e 3 , v} ⊂ T q G(q) is a basis, and so, G acts on E 1,2 transitively. Hence the connected components of L(p) \ (φ ∪ ψ) are the only 2-dimensional G-orbits in Ein 1,2 .
Orbits induced by the subgroups with a timelike line as the translation part. Let G ⊂ Conf • (E 1,2 ) be a connected Lie subgroup on which its translation part T (G) is a timelike line, i.e., G belongs to Table 5 . The translation part T (G) = Re 1 admits a 1-dimensional foliation F Re 1 in E 1,2 on which the leaves are affine timelike lines. On the other hand, Re 1 preserves no degenerate affine plane in E 1,2 . Hence, Re 1 acts on each vertex-less photon in the lightcone L(p) transitively. In this case, the linear isometry projection P li (G) is either trivial or it is a 1-parameter elliptic subgroup of SO • (1, 2) . In the first case, the orbits induced by G in the lightcone L(p) are the vertex-less photons. In the later, the vertex-less lightcone L(p) is a G-orbit. Observe that every 2-dimensional G-orbit in the Minkowski patch M ink(p) ≈ E 1,2 is Lorentzian, since the timelike vector e 1 is tangent to it.
• G = R * + ⋉ Re 1 . The homothety factor R * + preserves the leaf F Re 1 (o). Hence, F Re 1 (o) is a G-orbit. Also, G preserves every affine Lorentzian plane in E 1,2 containing F Re 1 (o). On the other hand, G acts on E 1,2 \ F Re 1 (o) freely. It follows that, the 2-dimensional orbits induced by G in Ein 1,2 are the affine Lorentzian half-plane in E 1,2 .
Hence, the 2-dimensional orbits induced by G in Minkowski patch Ein 1,2 are Lorentzian cylinders.
For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups R * + and Y E are v = (x, y, z) and w = (0, z, −y), respectively. The set {e 1 , v, w} ⊂ T q G(q) is a basis if and only if y, z = 0 if and only if q / ∈ F Re 1 (o). This implies that G admits a unique 2-dimensional orbit in Ein
which is the vertex-less lightcone L(p).
This group preserves the leaf F Re 1 (o), and acts on E 1,2 \ F Re 1 (o) freely. Hence, G admits a codimension 1 foliation on E 1,2 \ F Re 1 (o) on which every leaf is a Lorentzian surface.
Orbits induced by the subgroups with a spacelike line as the translation part. Suppose that
is a connected Lie subgroup with a spacelike line as the translation part. These groups have been listed in Table 6 . The translation part T (G) = Re 3 admits a 1-dimensional foliation F Re 3 in E 1,2 on which the leaves are affine spacelike lines parallel to Re 3 . In the one hand, the translation part fixes two photons φ, ψ ⊂ L(p), pointwisely, since Re 3 is contained in the both lightlike planes Π φ = R(e 1 + e 2 ) ⊕ Re 3 and Π ψ = R(e 1 − e 2 ) ⊕ Re 3 . On the other hand, the linear projection P l (G) preserves both foliations F Π φ and F Π ψ . Hence, the photons φ and ψ are invariant by G. Also, Re 3 acts on all the vertex-less photons in the lightcone L(p) different formφ andψ transitively. In addition, the linear isometry projection is either trivial or it is a 1-parameter hyperbolic subgroup of SO • (1, 2) . In the first case, every photon in L(p) is G-invariant. In the later, G acts on the both connected components of L(p)\(φ∪ψ) transitively. Therefore, in the following, we only consider the 2-dimensional G-orbits in the Minkowski patch M ink(p) ≈ E 1,2 .
• G = R * + ⋉ Re 3 . The homothety factor R * + preserves the leaf F Re 3 (o). Hence, F Re 3 (o) is a G-orbit. For an arbitrary point q = (x, y, z) ∈ Ein 1,2 , the vector tangent to the orbit G(q) at q induced by homothety factor R * + is v = (x, y, z). Observe that the set {v, e 3 } ⊂ T q G(q) is a basis if and only if x = 0 or y = 0 if and only if q / ∈ F Re 3 (o). The group G induces spacelike, Lorentzian, and degenerate 2-dimensional orbits in E 1,2 , since the orthogonal space of the spacelike tangent vector e 3 in the tangent space T q G(q) can be a spacelike, timelike, or lightlike line.
• G = Y H × Re 3 . For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by the 1-parameter subgroup Y H is v = (y, x, 0). The set {e 3 , v} ⊂ T q G(q)
is a basis if and only if x = 0 or y = 0 if and only if q / ∈ F Re 3 (o). The tangent vector v is orthogonal to the spacelike vector e 3 . Hence, G admits spacelike, Lorentzian, and degenerate 2-dimensional orbits in E 1,2 , since the vector v can be spacelike, timelike, or lightlike.
This group preserves the leaves F Re 3 (o), F Π φ (o), and F Π ψ (o). Also, G acts on the four connected components of (
For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups Y H and R * + are v = (y, x, 0) and w = (x, y, z). The set {e 3 , v, w} ⊂ T q G(q) is a basis if and only if x = ±y if and only
. This implies that G acts on the four connected components of
which are affine degenerate half-planes.
For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by the 1-parameter subgroup exp R(a + Y H ) is v = (ax + y, x + ay, az). The set {e 3 , v} ⊂ T q G a (q) is a basis if and only if x = 0 or y = 0 if and only if q / ∈ F Re 3 (o). The tangent vector v −aze 3 is orthogonal to the spacelike vector e 3 . It follows that G admits spacelike, Lorentzian, and degenerate 2-dimensional orbits in E 1,2 , since the vector v − aze 3 can be spacelike, timelike, or lightlike.
This group preserves the leaves of the foliation F Π φ , since it is a subgroup of K (Remark 6.4). Also, the spacelike affine line F Re 3 (o) is a G-orbit. For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by the 1-parameter subgroup exp R(1 + Y H ) is v = (x + y, x + y, z). The set {e 3 , v} ⊂ T q G(q) is a basis if and only if x = −y if and only if q / ∈ F Π ψ (o). It follows that, every 2-dimensional G-orbit in E 1,2 is a degenerate surface included in a leaf of F Π φ .
• G = exp R(−1 + Y H ) ⋉ Re 3 . For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups exp R(−1 + Y H ) is v = (−x + y, x − y, z). The group G preserves the leaves of the foliation F Π ψ , since e 3 , v ∈ Π ψ . This implies that G acts on the photon ψ trivially. Therefore G is a subgroup of K (Remark 6.4) up to conjugacy.
• G = exp R(1 + Y H + e 1 ) ⋉ Re 3 . For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) induced by the 1-parameter subgroup exp R(1 + Y H + e 1 ) is v = (x + y + 1, x + y, z). The set {e 3 , v} ⊂ T q G(q) is a basis, hence, all the orbits induced by G in E 1,2 are 2-dimensional. On the other hand, G admits spacelike, Lorentzian, and degenerate orbits in E 1,2 , since the tangent vector v − ze 3 , which is orthogonal to the spacelike vector e 3 , can be spacelike, timelike, or lightlike.
• G = exp R(−1 + Y H + e 1 ) ⋉ Re 3 . For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by the 1-parameter subgroup exp R(
is v = (−x + y + 1, x − y, z). By Lemma 1.35, the action of G on Ein 1,2 is orbitallyequivalent to the action of exp R(1 + Y H + e 1 ) ⋉ Re 3 via the element in O(1.2) which maps (x, y, z) ∈ E 1,2 to (−x, y, z).
Orbits induced by the subgroups with a lightlike line as the translation part. Assume that
is a connected Lie subgroup with a lightlike line as the translation part, i.e., G is an element of Table  7 .
on which the leaves are affine lightlike lines parallel to L . Observe that, the translation part preserves the leaves of the foliation F Π φ , where Π φ = L ⊥ = R(e 1 + e 2 ) ⊕ Re 3 . Hence, T (G) acts on the photon φ trivially, and acts on all the vertex-less photons in L(p) different formφ transitively. On the other hand, the photon φ is invariant by G. In this case, the linear isometry projection P li (G) is either trivial or it is a subgroup of the affine group Aff ⊂ SO • (1, 2).
Case I: The linear isometry projection is trivial. In this case
For an arbitrary point q = (x, y, z) ∈ E 1,2 the vector tangent to the orbit G(q) at q induced by R * + is v = (x, y, z). The set {(e 1 + e 2 ).v} ⊂ T q G(q) is a basis if and only if z = 0 or x = y if and only if q / ∈ F L (o). It can be easily seen that a 2-dimensional G-orbit in E 1,2
is either Lorentzian or degenerate, since the orthogonal space of the lightlike vector e 1 + e 2 in the tangent space is either R(e 1 + e 2 ) or entire T q G(q).
Case II: The linear isometry projection P li (G) contains a parabolic element. In this case, G preserves a unique photon φ ⊂ L(p), and acts on the degenerate surface L(p) \ φ transitively. In the following we discuss on the 2-dimensional orbits in the Minkowski patch M ink(p) ≈ E 1,2 .
For an arbitrary point q = (x, y, z) ∈ E 1,2 the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups R * + and Y P are v = (x, y, z) and w = (z, z, x − y), respectively. Observe that G acts on the both connected components of E 1,2 \ F Π φ (o) transitively, since the set {e 1 + e 2 , v, w} ⊂ T q G(q) is a basis. Also, G acts on the both connected components of
transitively, since {e 1 + e 2 , v} is a basis for the tangent space T qG(q). .
• G = Aff ⋉L . For an arbitrary point q = (x, y, z) ∈ E 1,2 the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups Y P and Y H are v = (z, z, x− y) and w = (y, x, 0), respectively. Observe that for all q ∈ F Π φ (o), the leaf F L (q) is invariant by G. On the other hand, the set {e 1 + e 2 , v, w} ⊂ T q G(q) is a basis for all q ∈ E 1,2 \ F Π φ (o). This implies that G admits no 2-dimensional orbit in E 1,2 , and so, the connected components of L(p) \ (φ ∪ ψ) are the only 2-dimensional orbits in Einstein universe Ein 1,2 .
Since G is a subgroup of K (Remark 6.4), it preserves the leaves of the foliation F Π φ . It is clear that G preserves the leaf F L (o). For an arbitrary point q = (x, y, z) ∈ E 1,2 the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups exp R(1 + Y H ) and Y P = exp RY P are v = (x + y, x + y, z) and w = (z, z, x − y), respectively. The set {e 1 + e 2 , v, w} ⊂ T q G(q) generates a 2-dimensional vector space if and only if z = 0 or x = y if and only if q / ∈ F L (o). Hence, G admits 2-dimensional orbits in E 1,2 which are degenerate surfaces included in a leaf of F Π φ .
For an arbitrary point q = (x, y, z) ∈ E 1,2 the vectors tangent to orbit G(q) at q induced by subgroups exp R(2 + Y H ) and exp R(Y P + e 1 ) are v = (2x + y, x + 2y, 2z) and w = (z + 1, z, x − y), respectively. The set {e 1 + e 2 , v, w} ⊂ T q G(q) is a basis if and only if z = (x − y) 2 /2. The set of points in E 1,2 with z = (x − y) 2 /2 is a connected Lorentzian surface S, and one can see that G acts on it transitively (in fact it is the orbit induced by the subgroup exp R(Y P + e 1 ) ⋉ L at o). Hence, the surface S is the only 2-dimensional G-orbit in E 1,2 .
For an arbitrary point q = (x, y, z) ∈ E 1,2 the vectors tangent to orbit G(q) at q induced by subgroups H and Y P are v = (y, x, 1) and w = (z, z, x − y), respectively. The set {e 1 + e 2 , v, w} ⊂ T q G(q) is a basis if and only if x = y if and only if q / ∈ F Π φ (o). On the other hand, for a point q ∈ F Π φ (o) the set {e 1 + e 2 , v} ⊂ T q G(q) is a basis, and so, the leaf
Since G is a subgroup of K (Remark 6.4), it preserves the leaves of the foliation F Π φ . For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by Y P is v = (z, z, x − y). The set {e 1 + e 2 , v} is a basis if and only if x = y, which describes the leaf F Π φ (o). Therefore, G acts on all the leaves of
For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by the exp R(a+ Y P ) is v = (ax + z, ay + z, x − y + az). The set {e 1 + e 2 , v} ⊂ T q G(q) is a basis if and only if z = 0 or x = y if and only if q / ∈ F L (o). The 2-dimensional G-orbits in E 1,2 are either Lorentzian or degenerate, since the orthogonal space of the lightlike vector e 1 + e 2 in the tangent space T q G(q) is either R(e 1 + e 2 ) or entire T q G(q).
For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(p) at q induced by the 1-parameter subgroup exp R(Y P + e 1 ) is v = (z + 1, z, x − y). It is clear that the set {e 1 + e 2 , v} ⊂ T q G(q) is a basis. Thus all the orbits induced by G in E 1,2 are 2-dimensional. On the other hand, all the G-orbits in E 1,2 are Lorentzian, since the orthogonal space of the lightlike vector e 1 + e 2 in the tangent space T q G(q) is R(e 1 + e 2 ).
Case III: The linear isometry projection P li (G) is a 1-parameter hyperbolic subgroup of SO • (1, 2) . In this case, G preserves both the foliations F Π φ and F Π ψ , where Π ψ = R(e 1 − e 2 ) ⊕ Re 3 , and so, it preserves both the photons φ and ψ in the lightcone L(p). Also, G acts on the both connected components of L(p) \ (φ ∪ ψ) transitively. Now, we describe the 2-dimensional orbits induced by G in the Minkowski patch M ink(p) ≈ E 1,2 .
is a G-orbit. Also, G-preserves the leaf F Π φ (o) and the Lorentzian affine plane L 0 = {z = 0} ⊂ E 1,2 . For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups R * + and Y H are v = (x, y, z) and w = (y, x, 0), respectively. The set {e 1 + e 2 , v, w} ⊂ T q G(q) is a basis if and only if z = 0 and x = y if and only if q / ∈ (L 0 ∪ F Π φ (o)). Thus, G acts on the
This group preserves the leaf F Π φ (o). For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by Y H is v = (y, x, 0). Observe that, the set {(e 1 + e 2 , v}) ⊂ T q G(q) is a basis if and only if x = y if and only if q / ∈ F Π φ (o). On the other hand, every 2-dimensional G-orbit in E 1,2 is Lorentzian, since the orthogonal space of the lightlike vector e 1 + e 2 is R(e 1 + e 2 ).
. This group preserves the leaf F L (o). For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by the 1-parameter subgroup exp R(a + Y H ) is v = (ax + y, x + ay, az). The set {e 1 + e 2 , v} ⊂ T q G(q) is a basis if and only if z = 0 or x = y if and only if p / ∈ F L (o). On the other hand, a 2-dimensional G-orbit in E 1,2 is either Lorentzian or degenerate, since the orthogonal space of the lightlike tangent vector e 1 + e 2 is either R(e 1 + e 2 ) or entire T q G(q).
Since, G is a subgroup of K (Remark 6.4), it preserves the leaves of the foliation F Π φ . Also, G preserves the Lorentzian affine plane L 0 = {z = 0} ⊂ E 1,2 . For an arbitrary point q = (x, y, z) ∈ E 1,2 the vector tangent to the orbit G(q) at q induced by the 1-parameter subgroup exp R(1 + Y H ) is v = (x + y, x + y, z). The set {e 1 + e 2 , v} ⊂ T q G(q) is a basis if and only if z = 0 if and only if q / ∈ L 0 . Thus every 2-dimensional G-orbit in E 1,2 is a degenerate surface included in a leaf of F Π φ .
• G = exp R(Y H + e 3 ) ⋉ L . For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(p) induced by the 1-parameter subgroup exp R(Y H + e 3 ) is v = (y, x, 1). The set {e 1 + e 2 , v} ⊂ T q G(q) is a basis. Thus, all the orbits induced by G in E 1,2 are 2-dimensional. The group G admits Lorentzian and degenerate orbits in E 1,2 , since the orthogonal space of the lightlike vector e 1 +e 2 in the tangent space T q G(q) is either R(e 1 +e 2 ) or entire T q G(q).
• G = exp R(1 + Y H + e 1 ) ⋉ L . For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vector tangent to the orbit G(q) at q induced by the 1-parameter subgroup exp R(1 + Y H + e 1 ) is v = (x+y +1, x+y, z). The set {e 1 +e 2 , v} ⊂ T q G(q) is a basis. Thus, all the orbits induced by G in E 1,2 are 2-dimensional. Also, all the orbits induced by G in E 1,2 are Lorentzian, since the orthogonal space of the lightlike vector e 1 + e 2 in T q G(q) is L = R(e 1 + e 2 ).
• G = exp R(−1 + Y H + e 1 ) ⊕ θ L . For an arbitrary point q = (x, y, z) ∈ R 1,2 , the vector tangent to the orbit G(q) at q induced by the 1-parameter subgroup H = exp R(−1 + Y H + e 1 ) is v = (−x + y + 1, x − y, −z). The set {e 1 + e 2 , v} ⊂ T q G(q) is a basis if and only if z = 0 and x − y = 1/2 if and only if q / ∈ F L (1/2, 0, 0). Obviously, the leaf F L (1/2, 0, 0) is a G-orbit. Furthermore, G admits in E 1,2 Lorentzian and degenerate orbits, since the orthogonal space of the lightlike tangent vector e 1 + e 2 in the tangent space T q G(q) is either R(e 1 + e 2 ) or entire T q G(q).
Orbits induced by the subgroups with trivial translation part. Finally, assume that G ⊂ Conf • (E 1,2 ) is a connected Lie subgroup with trivial translation part T (G) = {0}. These groups have been listed in Table 8 .
First, assume that G is a subgroup of R * + × SO • (1, 2) . This group fixes the origin o = (0, 0, 0) ∈ E 1,2 and preserves the nullcone centered at o N(o) = {q = (x, y, z) ∈ E 1,2 \ {o} : q(q) = −x 2 + y 2 + z 2 = 0}.
Also, it preserves the three connected components of the complement of the nullcone N(o) in E 1,2 which are: the domain {q > 0} and the two connected components of the domain {q < 0}. Also, this group preserves the ideal circle S ∞ = L(p) ∩ L(o). Observe that, if G is a subgroup of SO • (1, 2), it also preserves the de-Sitter spaces dS 1,1 (r) = q −1 (r), and the hyperbolic planes H 2 (r) (the connected components of q −1 (−r)) in E 1,2 centered at o with radius r ∈ R * + . Moreover, the group R * + × Aff preserves the foliation F Π φ , and also, preserves the leaves F Π φ (o) and F L (o).
• G = R * + × SO • (1, 2). This group acts on the both components of the nullcone N(o) transitively. One can see, G acts on the connected complements of the complement of N(o) ∪ {o} in E 1,2 (which are open subsets) transitively. Also, G acts on the both connected components L(p) \ S ∞ transitively. Therefore, G admits exactly four 2-dimensional orbits in Ein 1,2 which all of them are degenerate surfaces.
• G = SO • (1, 2) . This group acts on the de-Sitter spaces dS 1,1 (r), the hyperbolic planes H 2 (r), and the connected components of the nullcone N(o) transitively. Furthermore, it acts on the both connected components of L(p) \ S ∞ transitively. Hence, G admits spacelike, Lorentzian, and degenerate 2-dimensional orbits in Ein 1,2 .
• G = Aff. The leaves F L (o) and F Π φ (o) are invariant by G. Also, G preserves the photon φ in the lightcone L(p), and acts on the connected components of L(p) \ (φ ∪ S ∞ ) transitively. Furthermore, the hyperbolic planes and the both connected components of N(o) \ F L (o) are G-orbits. Moreover, for all r ∈ R * + , G acts on the both connected components of dS 1,2 (r) \ F Π φ (o) transitively. Therefore, G admits spacelike, Lorentzian, and degenerate 2-dimensional orbits in Ein 1,2 .
• G = R * + × Aff. Observe that the connected components of L(p) \ (φ ∪ S ∞ ) are degenerate 2-dimensional G-orbits. On the other hand, G acts on each of the four connected components of (N(o) ∪ F Π φ (o)) \ F L (o) transitively. In fact, G admits exactly six 2-dimensional orbits in Ein 1,2 , since it acts on the connected components of E 1,2 \ (N(o) ∪ F Π φ (o)) transitively.
• G a = exp R(a + Y H ) + RY P , 0 < |a| < 1. One can see, G acts on the both connected components of L(p) \ (φ ∪ S ∞ ) transitively. For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G a (q) at q induced by the 1-parameter subgroups exp R(a+Y H ) and Y P are v = (ax + y, x + ay, az) and w = (z, z, x − y), respectively. The set {v, w} ⊂ T q G(q) is a basis if and only if z = 0 and x = y if and only if q / ∈ F L (o). Thus, G acts on the both connected components of F Π φ (o) \ F L (o), and on the both connected components of N(o) \ F L (o) transitively. Also, G admits spacelike and Lorentzian 2-dimensional orbits in E 1,2 , since for a point q ∈ E 1,2 \ (N(o) ∪ F Π φ (o) ), the orthogonal space of the spacelike vector w in the tangent space T q G(q) can be a spacelike or timelike line.
• G = exp R(1 + Y H ) + RY P . This group preserves the leaves of the foliation F Π φ , since it is a subgroup of K (Remark 6.4). It is not hard to see that G acts on the both connected components of L(p) \ (φ ∪ S ∞ ) transitively. For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups exp R(1 + Y H ) and Y P are v = (x + y, x + y, z) and w = (z, z, x − y) respectively. The set {u, v} ⊂ T q G(q) is a basis if and only if q / ∈ N(o). Hence, every 2-dimensional G-orbit in E 1,2 is a degenerate surface contained in a leaf of F Π φ .
• G = exp R(−1 + Y H ) + RY P . In the one hand, G acts on the lightlike affine line F L (o) ⊂ F Π φ (o) trivially. On the other hand, G fixes the corresponding limit point of F Π φ (o), d ∈φ.
It follows that, G acts on the photon F L (o) ∪ {d} trivially, and so, G is a subgroup of K (Remark 6.4), up to conjugacy.
• G = R * + × Y P . One can see that G admits the same orbits in the lightcone L(p) as Aff. For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups R * + and Y P are w = (x, y, z) and v = (z, z, x − y) respectively. The set {w, v} ⊂ T q G(q) is a basis if and only if q / ∈ F L (o). A 2-dimensional orbit G(q) in E 1,2 is degenerate (resp. Lorentzian, spacelike) if and only if it lies in the nullcone N(o) or the degenerate affine plane F Π φ (o) (resp. {q < 0}, {q > 0} \ F Π φ (o)).
• G = R * + × Y H . This group preserves both the foliations F Π φ and F Π ψ in the Minkowski space E 1,2 , and so, it preserves the corresponding photons φ, ψ ⊂ L(p). One can see that, G acts on the four connected components of L(p) \ (φ ∪ ψ ∪ S ∞ ) transitively. Furthermore, G preserves three affine lines in the Minkowski space E 1,2 , namely, F L (o), ℓ 0 = {(t, −t, 0) : t ∈ R}, and ℓ 1 = {(0, 0, t) : t ∈ R}. For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups R * + and Y H are v = (x, y, z) and w = (y, x, 0), respectively. The set {w, v} ⊂ T q G(q) is a basis if and only if q / ∈ (F L (o) ∪ ℓ 0 ∪ ℓ 1 ). Actually, {v, w} ⊂ T q G(q) is an orthogonal basis. It follows that, G admits spacelike, Lorentzian, and degenerate orbits in E 1,2 , precisely, if the 2-dimensional orbit lies in the region {q > 0} (resp. {q < 0}, N(o)), then it is spacelike (resp. Lorentzian, degenerate).
• G = R * + × Y E . It is clear that G acts on the both connected components of L(p) \ S ∞ transitively. For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups R * + and Y E are w = (x, y, z) and v = (0, z, −y) respectively. The set {w, v} is a basis if and only if x = 0 or z = 0. Furthermore, G admits spacelike, Lorentzian, and degenerate 2-dimensional orbits in E 1,2 , since the orthogonal space of the spacelike vector v in the tangent space T q G(q) can be a spacelike, timelike, or lightlike line Special subgroups with trivial translation part Here, we describe the orbits of the two subgroups in Table 8 which have trivial translation part, but they are not subgroups of the linear group R * + × SO • (1, 2) , i.e., these groups fix no point in the Minkowski space E 1,2 .
◮ G = exp R(−1 + Y H + e 1 + e 2 ) + RY P . This group preserves the foliation F Π φ , and its corresponding photon φ ⊂ L(p), since it is a subgroup of (R * + × Aff) ⋉ R(e 1 + e 2 ). For an arbitrary point q = (x, y, z) ∈ E 1,2 , the vectors tangent to the orbit G(q) at q induced by the 1-parameter subgroups H = exp R(−1 + Y H + e 1 + e 2 ) and Y P are v = (−x + y + 1, x − y + 1, −z) and w = (z, z, x−y), respectively. The subgroup H also preserves the foliation F Π ψ and its corresponding photon ψ ⊂ L(p). Observe that, for all q ∈ E 1,2 , the tangent vector ∈ T q G(q) does not belong to the degenerate plane Π ψ . This implies that H acts on the vertex-less photonψ transitively, and consequently, the degenerate surface L(p)\φ is a G-orbit. On the other hand, the set {u, v} ⊂ T q G(q) is a basis if and only if x = y and z = 0 if and only if q / ∈ F L (o). It follows that a 2-dimensional orbit G(q) (where q = (x, y, z)) in the Minkowski space E 1,2 is spacelike (resp. Lorentzian, degenerate) if and only if x < y (resp. x > y, x = y).
◮ G = exp R(2 + Y H ) + R(Y P + e 1 − e 2 ) . Observe that G(o) is a 1-dimensional lightlike orbit, but it is not a geodesic. Actually, G is the only (up to conjugacy) connected Lie subgroup of Conf(E 1,2 ) inducing a 1-dimensional lightlike orbit in Ein 1,2 which is not a lightlike geodesic. We conclude that, the action of G on Ein 1,2 is conjugate to the action of affine group Aff ⊂ PSL(2, R)
within the irreducible action of PSL(2, R) on Einstein universe described in [21] . Indeed, up to conjugacy, this is the action of the stabilizer (by the irreducible action of PSL(2, R) on Einstein universe E 1,2 ) of a projective homogeneous polynomial of degree 4 in two variables with a real root of multiplicity 4. So, we study the orbits induced by this action in the setting of [21] . For a point q = (x, y, z) ∈ M ink(Y 4 ), the orbit induced by Aff ⊂ PSL(2, R) at q is 
